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Notations. - Singular Values : 0pmez(A) = 01(A) > ... > o,(A4) > 0.
A real symetric - Figenvalues : Apaz(A) = A(A) > ... > A\ (A).

1 Introduction and motivation

Covariance matrix estimation is a fundamental problem in statistics and machine learning, with
applications ranging from financial risk modeling to genetic data analysis. In high-dimensional
settings where the number of features d is comparable to the sample size n, classical asymptotic
results (where d is fixed) become unreliable. Random Matrix Theory (RMT) provides powerful
tools to analyze covariance estimators in such regimes.



2 Classical Approach

2.1 Operator Norm and ¢-Nets

The operator norm [[A| = sup,,—1 [[Az||2 is critical for analyzing covariance estimators. For
symmetric matrices, it relates to quadratic forms:

Lemma 1. If A € R¥>? s a symmetric matriz, then

[A]l = max [(Az, z)|.

llzfl2=1
To control ||A||, we discretize the unit sphere using e-nets:

Definition 1 (e-net). Let (X,d) be a metric space. Let K C X and e > 0. A set N C K is an
e-net on K if and only if

K C U B(z,€).

zeN

Proposition 1. Let A € R¥™? be q symmetric matriz, and let € € [0, l). For any e-net N of

2
the unit sphere S*1, we have

1
4] < <

sup [(Az, z)|.
€ zeN

Proof. According to Lemma |I| there exists 2 € S%! such that |[(Az,x)| = ||Az||, and by the
definition, there exists zg € N such that ||z — zg|]2 <e.
By the triangle inequality, we get:

[A[} = [(Azo, zo)]

Az, z)| — [(Axg, z0)]

Az, z) — (Axg, xo)|

Az, x — xg) + (A(z — x0), T0)]
Az, z — z0)| + [(A(z — 20), Z0)| -
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Using the Cauchy-Schwarz inequality, we get:

[A]l = [{(Azo, z0)| < [|All2]lz — zoll2 + [[A(z — zo)ll2]|zo]l2
< 2¢||A]l.

Thus:
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IA

A

Az, z)|.
S EEBK z, )]
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Proposition 2. For every € > 0, we can find an e-net N' on S ' such that its cardinality
satisfies

V] <99,



2.2 Concentration

The Hanson-Wright inequality provides tail bounds for quadratic forms of sub-Gaussian vectors:

Proposition 3 (Hanson-Wright Inequality). Let Z = (Z1,...,Zy) € R™ be a random vector
with independent sub-Gaussian components Z; that satisfy E[Z;] = 0 and HZ1||12Z}2 < K. Let A be
an m X m matriz. Then, for allt >0,

12 t
P(|ZTAZ —E[ZTAZ]| >t §2exp<—cmin< , >>
( 2747]|> ) KA K2A]

This inequality can be rewritten as,

<|ZTAZ IE[ZTAZ]|>K2maX(HAH | All 7 \/?)) < 2exp(—t)

or alternatively by introducing C = m

P (|ZTAZ ~E[ZTAZ]| > CK?max(||Alt, ||A|1Fﬁ)) < 2exp(—t)

2.3 Sample Covariance Concentration

Applying these tools, we derive non-asymptotic bounds for the sample covariance matrix :

Theorem 1 (Operator Norm Bound). For Gaussian X; ~ N(0, ), with probability 1—2-9%~™
I£ =3Il < ClIS)max (V).

Proof. Let Xi,...,X, € R? be realizations of a centered Gaussian vector X with covariance
matrix ¥ = E(XX7). Define
1 n
== § XX}t
n -
=1

1) Approximation using an e-net: We take e = 7. By Pr0p051t10nl con51der an e-net N’
of the unit sphere S%~1 with cardinality at most 9d

Since ¥, — ¥ is a symmetric matrix, by Proposition [T, we have

135 = E[| < 2 sup [{(3n — X)u, u)]
ueN

which expands to

Let



Now, setting X; = E%ZZ-, where Z; is a standardized Gaussian vector, we substitute X; to
get

gnlu) = zn: <<Zi, S2u)? — E ((Zi, 2%u>2)> .

1=

Writing this in matrix form:

=~y (ZTEzu 3077 — E (Z,Tz%u(z%u)Tzi)) .
=1

3\*—‘

Defining Z = (Z&,..., ZIT and A(u) as the block diagonal matrix of size nd x nd with
n blocks E%U(Z%’U,)T, we obtain

(1) = % (27 A(u)Z — E(Z" A(u)2)).

2) Concentration inequality: Let ¢ > 0 and u € S?~!. Using the Hanson-Wright inequality
(Proposition [3)) for nt > 0,

P (\ZTA(U)Z —E[Z"A(u)Z]| > CK? max(||A(u)]||nt, ||A(u)||F\/E)) < 2exp(—nt).

Since A(u) is symmetric,
1A(u) | = max{| A (A(w))], [Ana(Aw))|} = max{|\ (E3u(S2u) 7], Aa(S2u(S2u)T)][}.

Thus,
1 1
lA) | = [Z2u(Z2u)" || < || ]u]?,

and ) )
[A(w)]|[7 = nlSzu(Szu)"|F < n((|S]|]lu]?)?.

Bounding the left-hand side, the inequality simplifies to

P (|gn(u)| > |2(|C K2 max(t, \/i)) < 2exp(—nt).

3) Union bound: Finally, we conclude by bounding the operator norm. For any ¢ > 0,
P (Hzn — 3| > 2B CK? max(t, \/i)) < 2 x 9% exp(—nt).

O]

Remark 1. For the sample covariance matrix to be a consistent estimator, n must grow at least
linearly with d. However, if both n and d tend to infinity at the same rate, the convergence of
the sample covariance matriz is no longer guaranteed.

This also gives as a bound on the estimation of the eigenvalues through Weyl’s Inequalites :

Proposition 4 (Weyl’s Inequality). For two symmetric matrices A, B in R¥9 we have the
following result regarding eigenvalues:



3 Non-Asymptotic Eigenvalue Analysis

3.1 Singular Values of Gaussian Matrices
3.1.1 Preliminaries

We have the following results for Gaussian processes

Lemma 2 (Lipschitz functions Gaussian concentration inequality). Let (z;) ~ N(0,1) i.i.d.
and f : R™ — R, we suppose that f is L-Lipschitz in ||.||2. Then

2
Lemma 3 (Sudakov-Fernique). Given (Xi,...,X,) and (Y1,...,Y,) two zero-mean n-dimensional

Gaussian vectors, suppose that
E[(X; — X;)*] < E[(Yi - y;)*].Vi,j € [1]
Then
E(mazi=1, nXi) < E(mazi=1,. ,Y;)
3.1.2 Result
We had (z;) ~ N(0,%) i.i.d. , where ¥ € R?*? is a positive definite matrix. We have
zt .

X=|:|er x»=-XxTx.

T
Ln

Theorem 2. for all § > 0, we have :

7 ) 2 Mnaa(VENL+ ) ) <

2) ifn>d ,P(M < Amm(\/i)(l +6) -

1) IP(

3
S

Proof. Notation: Gyax = vmax(\/i)
- Step 1 : Concentration
By standard properties of the multivariate Gaussian distribution, we can write

X = WV,

where the random matrix W € R"*? has i.i.d. N(0,1) entries.
Using Weyl’s theorem, given another matrix W’ € R"*?, we have:

Tmax(WVE) = 0max(WVE)| < [[(W = W)VE[l2 < [W = W[|2Amax(VE).

So, the mapping

W — O'max(W\/i)

LD
viewed as a real-valued function on R™®, is Lipschitz with respect to the Euclidean norm with
constant at most L = Gyax//1-



Using Lemma [2] the function satisfies a Gaussian concentration inequality
2
P [Umax(X) > E[Umax(x)] + \/ﬁa'maxé] < e—né /2‘
Consequently, it suffices to show that

E[0max(X)] < vVNGmax + V/tr(Z)

- Step 2 : Bounding the expected value
We first use a variational formulation of 0,4,

— _ T
Omax(X) = s IWoll = max vesgg‘;xéfl).uzwv,

u,v

where

Si-1(x1) = {v eRY ||V 2|5 = 1} .

Thus, it suffices to bound the expectation of the zero-mean Gaussian process {Z, y, (u,v) €
T} indexed by the set T := S"~! x §4=1(x~1).

We want to apply the Sudakov-Fernique Lemma, but first, we need to find another Gaussian
process {Yy v, (u,v) € T'} such that

E[(Zuw — Za5)") < E[(Yup — Yas)?l, Y(u,0),(a,0) € T.
Applying the Sudakov-Fernique Lemma, we’ll obtain:
Elomax(X)] = E [ max Zum] <E [ max Yu,v} .
(u,w)eT (u,0)eT
Given two pairs (u,v) and (a,?), assume ||v||2 < ||0|2 (otherwise reverse their roles). Then,

E[(Zuw — Za5)°) = E[(W,wv" — a@0"))?] = [luv” — a0" %

the last equality is because W has i.i.d. N(0, 1) entries
Expanding the Frobenius norm:

luv® — @0 | = flu(v = 8)" + (u—a)o" %
= [I(u = @)o" |5 + llu(v = 8)" |7 + 2(u(v = )", (u — @)o")

< oli3llu = all + lullzllv = oll3 + 203 = (u, @) (v, 9) = [15]3)-
Using [v][z < [|o[|2, we obtain:

(v,9) < [[v]l2]15]l2 < [|3]13.

So since ||ul|2 = ||al|3(= 1),

(a3 = (@) (v, 9) —[I9]3) <0,

which simplifies to:

luv® — @0 |5 < [[513]lu — all3 + (17 - vl3.

By definition of S%~1(X71), we have ||7]|2 < Fmax = Ymax(VX), leading to:

E[(Zuw = Za,5)"] < opacllu — all3 + 110 — vl|3.

Motivated by this inequality, we define the Gaussian process



Yu,v = 5max<gau> + <ha U>,

where g € R" and h € R? are standard Gaussian random vectors with i.i.d. A/(0, 1) entries,
and mutually independent. By construction,

E[(Yo — Yj)’] = omaxcllu — @ll3 + [lo — 3.
(

Applying the Sudakov—Fernique bound (Lemma [3]), we obtain:

Elomax(X)] <E | sup Yi,
(u,w)eT

= 6maxE |: sSup <g7u>:| +E

ueSn—1

sup  (h, v)]

veSI-1(x-1)
= maxE[| gll2] + E[| VEA]2].

By Jensen’s inequality,

Elllgl2] < v, E[|VEh|2] < \/E[RTER] = v/t ().

This proves inequality (1) of the theorem.

It remains to prove the lower bound (2) on the minimal singular value. It is based on a
similar argument, but requires somewhat more technical work, so we’ll make the simplifying
assumption that ¥ = I;.

Again with Lemma

P [Umin(X) < Elomin(X)] + \/H(S] < e—n62/2.
So it suffices to show that
E[omin(X)] > v — Vd.

For n > d, we use the variational representation:

Omin(X) = nin, ure%%fl(“’ Xv).

We’ll need the following Gaussian process inequality which is a sort of generalization of
Sudakov-Fernique

Proposition 5 (Gordon’s inequality). . Let (Zst)sester and (Ysi)sester be two Gaussian
processes with E[Z ;] = E[Y 4], satisfying:

E((Zsty = Zs12)?] 2 B[(Yaty — Yo,)?], Vti,t2 €T,s €S,

E[(Zsyt — Zsyt)?] S E[(Vey s — Yagu)?], Vs1 # s2,t €T,
Then,

E[ max Zst] SE[ max Yst] .
seSiteT sesteT

Taking Y, , = (g, u) + (h,v) where g and h are iid Gaussian random vectors, we check that
Zu,w and Y, , satisfy the conditions of the theorem. Then,



—E[omin(X)] = E | max —||X1)H2]
lvegd—1

=E | max min (u,—Xv)
_Uesd—l ueSn—1

<E i ; h,
<E | max, win, () + (1,0)

“ & | max (n, m} +E [ min <g,u>}

[vesd—1 uesn—1
= E[|[hll2] — E[l|lg]l2] ~ Vd — v/n.

(by properties of chi-squared distributions)
Thus,

E[Umin(X)] > \/ﬁ - \/&

4 Large n,d regime

Goal: To study the asymptotic distribution of eigenvalues of the sample covariance matrix.
To rigorously define the convergence of eigenvalues, we introduce the following concept:

Definition 2 (Empirical Spectral Distribution (ESD)). For a matrizc A € M4(C), the empirical
spectral distribution (ESD) is defined as the probability measure:

. 1
a(A) == Z Ixs
AESP(A)

where Sp(A) denotes the spectrum of A, and dy is the Dirac delta function at \. This corresponds
to selecting an eigenvalue uniformly at random from the spectrum of A.

To characterize the convergence of a sequence of probability measures, we employ a common
technique in random matrix theory: studying the convergence of their Stieltjes transforms.

Definition 3 (Stieltjes Transform). For a probability measure u, the Stieltjes transform is de-
fined as:

1
mu(z) = /t du(t), for z such that Im(z) > 0.
—z
The utility of the Stieltjes transform is demonstrated by the following result:

Lemma 4. Let u, be a sequence of probability measures and p a probability measure. If

Vz, Im(z) >0, my,(2) — mu(z),

then the sequence u, converges weakly to p:
w
[, ———— fL.

n—-+00

The Stieltjes transform of the empirical spectral distribution (ESD) of a matrix A, having
real eigenvalues, has a closed-form expression. Let

d
Z O (A)s
i1

8
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where \;(A) are the eigenvalues of A. For all z with Im(z) > 0 (in particular not real), the
Stieltjes transform of w, is given by:

@..M—‘

My, (

n

d 1
Z gTr ((A—z[d)_l) .

Definition 4 (Resolvent). Let A be a square matriz of size n X n. The resolvent Ry of the
matriz A is defined on C\ Sp(A) by:
Qalz) = (A — 201
It shall be denoted Q or (Qy) when it is non-ambiguous.
Returning to our problem, consider (z;) ~ N(0,%) ii.d., where ¥ € R¥*? is a positive
definite matrix. Define
xT .
X=|:|eR™ and 2=-XTX.
- n
n

X

We aim to study the convergence of the eigenvalue distribution of the sample covariance
matrix . To achieve this, we analyze its Stieltjes transform:

M, () = S THQ(2)),

where Q(z) = (3 — zI;) ! is the resolvent of the sample covariance matrix 3.
Assumption 1 (Large n,d regime). As n — oo, we hcwe — 1€ (0,00).

In the classical regime, where d is fixed, the law of large numbers implies:

1 T e -1
Qz) = <nXX - zId> — (X —z1y)

This is unfortunately not true anymore when d also tends to infinity. As an example for that
when X = I;, we have the Marchenko-Pastur Law ...

Let’s find the ...
Suppose, it exists Q(z) € C™*?, such that 1(Qn(z) — Q(z)) — 0.

Step 1: concentration of Tr(Q,(z))
We can write X = W+/S, where W € R™*? has i.i.d. N(0,1) entries. Now let’s consider the
mapping S : W — Tr((2 VEWTWVE — 21;)71) as a real-valued function on R™ and let’s show
that it is Lipchitz. Let B(W) = (2VEWTWVE — z1y)

ds(W)[H] = dre(B(W)™") o d 1 (B(W))[H]

T< —(H'VSW + WIVEH)B(W )2)
< VEWB(W) 2 H>
F



Thus : 5
Vi S(W) = %\/EWB(W)_Q.

-2 _
IVwSW)|% = H;\/EWBW) [1%
—2 1
= H?UAVT(EVAUTUAVT —2Ig) 72|

-2 1
= |—=A(=A% — 2I;)72||%, U and V are orthogonal matrices
non

iy oi(X) 2
n? | (Loy(X)? — Re(z2) + i Im(z))”
4 < oi(X)?

7?7 (Loy(X)? — Re(2))” + Im(2)?

x

let g(x) = m—2jzr> 9(0) = 0 and limg; 1o g(z) = 0.

2
Jd(x)=0 —%+a2+b2:0

Thus :

IVw Sl < s o —Re2+ (=2 ~ nllz] = Re(2))

According to the lemma [2[ (Lipschitz functions Gaussian concentration inequality), we have

t2n(|z| — Re(z)))
4d

vt > 0,P(|Qn — EQu| > t) < 2exp(—
Step 2: Controlling Tr(Q — E(Q,)) :

The difference between two resolvent matrices has a nice form :
Q—Qn=0Q—Qu(X —21)Q = Qu(X — zIg— L+ 2I)Q = Qn(X — £)Q
. Thus

Q- BQu =E(Qu(E - ¥)Q) = - 3 E@u(wial ~ Q) (1)
i=1

5 Eigenvectors estimation

In many high-dimensional problems, one is interested not only in the eigenvalues but also in
the directions (eigenvectors) associated with the leading eigenvalues. For example, in principal
component analysis (PCA), accurate estimation of the principal components is key. However,
noise and finite-sample effects lead to perturbations in the eigenvectors.

5.1 Resolvent and Eigenvectors

Lemma 5. If A € R¥? s a symmetric matriz, then the resolvent of A is given by

a1
Uj;u

Qa(z) =) )\]-(T)j—z’

Jj=1

where \;(A) are the eigenvalues of A and u; are the corresponding eigenvectors.

10



Proposition 6. If A € R™9 s a symmetric matriz, whose eigenvalues are denoted as Ay >
Ao > ... > Ny, then the projector onto the eigenspace associated with \; is given by:

, )d
i 27TZ j{ QA 7,

where I'; is a closed contour surrounding A;, but not other eigenvalues \; such that A\; # A;.

Proof. The result follows by applying Cauchy’s theorem to the resolvent formula obtained in
Lemma, [5 O

Lemma 6. Let 2,5, € R¥? be two real symmetric matrices, whose eigenvalues are denoted
respectively as A\1 > Ao > ... > Ag and 5\1 > 5\2 > ... > S\d. Let {/\i}’{zs be the eigenvalues of
whose corresponding eigenvectors span the eigenspace associated with the eigenvalue \j. Define
Ao =00 and Ag41 = —oo. If

min()\r = Arg1, As—1 — As)
2 )

[DIEERIA[IS

then, defining gx; = min(\, — A\ri1, As—1 — As), we have:

i ¢ D(N, %) for alli ¢ {s,...,r},
\i € D()j, %) forallie{s,...,r},

Xi ¢ D()j, %) foralli ¢ {s,...,r},

where D()\J, -t ) denotes the open disk of radius g2j centered at \;.

Proof. Let gx = min(A, — Ar41, As—1 — As) and assume the lemma’s condition holds.

Since the eigenvalues are arranged in descending order, it is immediate that \; ¢ D( i g; )

for all i ¢ {s,...,r}. Using Weyl’s inequality (Proposition , we also get \; € D(/\]7 2 1) for
alli € {s,...,r}.
Furthermore, by similar arguments, for any i ¢ {s,...,r}:

. - r o r
Aj = Al 2 A = A = [ = Al > =5 =5

which concludes the proof. O

5.2 Perturbation Analysis and Eigenvalue Gaps

The accuracy of the eigenvector estimation depends critically on the spectral gap between clus-
ters of eigenvalues. More precisely, let ¥ and its estimator X, be symmetric matrices with
eigenvalues Ay > Ao > --- > Mg and A; > Ay > -+ > )y respectively.

We will proof a weaker result than the Davis Kahan Theorem :

Proof. In the following, we denote
gx; = min(Ar — Artl, As—1 — )\s)a

and assume that ||E Yall < &

Fix z € 3D()\], - 1), the Clrcle of radius g;j centered at \;, and consider:

Qs(2) = Qs,(2) = (2l =8) ' = (2] X~ (2, ~ %))}

11



Note that

T gx,;
o= A 2 = Xyl = Dy = 2l = [ = a1 = 5| 2 2
Thus,
1 1 2
Rx(2)]| = max = — < —.
H E( )H ‘Z_)\z“ m1n,~|z—)\i| g)\].
Finally,
;2 1
120 =) Qe < 15— 21 [Qu(a) < 52— = S <1,
j
Since (My(R),||.]|) is a unital Banach algebra, we can write:
o0
Qs,(2) = (2] =¥ = (Xn — X)) 2)- > (Z0 =) Qx())".
k=0

Thus, we obtain:

1Qs(2) = Qs () = ||:I =)™ -3 (B0~ £)(=L — )71
k=1

IN

[T =23 (15 - 1 o2 - 7))

k=1
1= — = - || (=1 — =)
1—0@ 2L - )1
L8 1%. %
S

Using Proposition ?? and Lemma [6] it follows that:

1
P.(X) - P (2,)]| = — -
|2y ) - Py, 50 = 5 jélxkﬁg;j)cgz(z) Qs (2)d
1
<o 195() = @, ()] 16
aD()\J, 2
1 8 by
<o f gx——ﬂ———ﬂur
™ aD(AJ‘,TJ) g)\
1%, - 3|

min()\r - )\r—‘rla >‘s—1 - )\s) .

12
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